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Abstract
The principle of material frame indiUerence is shown to be incompatible with the basic balance laws of
continuum mechanics. In its role of providing constraints on possible constitutive prescriptions it must be
replaced by the classical principle of Galilean invariance.
The principle of material frame indiUerence as stated by Truesdell & Noll [2] is considered an important principle
in continuum mechanics. It has been chieWy used to identify constraints on possible constitutive prescriptions.
Here, via an elementary argument, it is shown to be incompatible with the basic balance laws of continuum
mechanics. The argument also indicates that, in its role of guidance for establishing physically acceptable con-
stitutive prescriptions, it must be replaced by the classical Galilean invariance. In fact, all of the physically
correct consequences of frame indiUerence that are presented in countless research papers and books can be
obtained by only requiring Galilean invariance, as can be checked by inspecting the corresponding proofs. On
the other hand, those consequences of material frame indiUerence that do not descend from Galilean invariance
do not constitute physically relevant statements.
No matter how the principle of material frame indiUerence is worded or described, its mathematical formula-
tion says that the response functions relating kinematic descriptors of a continuum with energy, stress, or other
dynamic quantities must obey the transformation rules
f∗(x∗) = f(x) , v∗(x∗) = Qv(x) , and T∗(x∗) = QT(x)QT , (1)
stated for scalar, vector, and tensor Velds, respectively. The asterisk indicates a change of observer, deVned as a
transformation in the Euclidean ambient space such that a position vector x transforms according to
x
∗ = c(t) + Q(t)x , (2)
where c is any time-dependent vector, and Q is any time-dependent orthogonal transformation. Moreover, it is
assumed that scalar Velds always obey the foregoing transformation rules.
Let us now consider the well-known theory of isentropic Wuids. The Velds that describe the state of the
system are the mass density ρ and the Wuid velocity u. The basic balance laws of continuum mechanics for such
systems in the absence of external body forces or mass sources read
∂ρ
∂t
+ divρu = 0 , (3)
and
ρa = ρ
(
∂u
∂t
+ (u · ∇)u
)
= divT , (4)
where the constitutive prescription for the Cauchy stress tensor is
T = −pI . (5)
In this relation, the stress is proportional to the identity tensor I via a pressure Veld p determined by the values
of ρ through the constitutive prescription
p(x) = f(ρ(x)) , (6)
1
where f is an invertible real function of a real variable. Since the scalar function f does not depend explicitly
on x, it is immediate to verify that the constitutive prescriptions (5)–(6) comply with the principle of material
frame indiUerence.
If we consider a solution (ρ,u) of the evolution equations, together with (5)–(6), the balance of momentum
takes the form
ρa+∇f(ρ) = 0 . (7)
We now apply a change of observer such that c vanishes identically. Denoting time derivatives with a superim-
posed dot, introducing the antisymmetric tensor Ω(t) = Q˙(t)QT(t), and recalling that∇∗ = Q∇ and that scalar
Velds obey (1)1, we have
(ρa)∗ = ρa∗ = ρ[Qa+ 2Q˙u+ (Ω˙− Ω2)x∗] (8)
and
[∇f(ρ)]∗ = Q∇f(ρ) . (9)
Since the null vector Veld 0 is the gradient of any constant scalar Veld, we have 0∗ = Q0 = 0 and the foregoing
relations yield
ρ[Qa+ 2Q˙u+ (Ω˙− Ω2)x∗] + Q∇f(ρ) = 0 . (10)
Multiplying now (7) by Q and subtracting it from (10) we obtain
2Q˙u+ (Ω˙− Ω2)x∗ = 0 , (11)
which holds true for any x∗, any solution of the evolution equations, and any choice of the time-dependent
orthogonal transformation Q. The simple choice of hydrostatic solutions, for which u = 0, and of a constant
nonvanishing spin tensor Ω leads to
Ω = 0 , (12)
which clearly contradicts our choice of a nonvanishing Ω. We thus conclude that the principle of material
frame indiUerence is inconsistent with the basic balance laws of continuum mechanics. In other words, the
transformation of the balance equations under general changes of observer of the form (2) is not compatible
with the invariance of scalar Velds assumed by the principle of material frame indiUerence.
On the contrary, no contradiction arises if we restrict changes of observer to the case of a time-independent
Q, since (11) would be trivially satisVed in those cases. This, together with an analogous argument in which
the change of observer is deVned with a vector c proportional to t2 (uniform acceleration), shows that we must
require only Galilean invariance of the constitutive prescriptions to avoid such contradictions.
In fact, the general argument behind the foregoing result is that, since the Veld ρa transforms according to
(1) only if we conVne ourselves to Galilean changes of observers, we cannot require a stronger invariance to the
Velds that are equated to ρa in the fundamental balance equations. This shows that the principle of material
frame indiUerence is always in contradiction with the basic balances. It should be noted that, consistent with this
conclusion, Müller [1] already showed that the principle of material frame indiUerence cannot always be valid,
since it is not compatible with the derivation from kinetic theory of the continuum equations for certain gases.
Based also on the general validity and importance of Galilean invariance in nonrelativistic mechanics, it is clear
that it should replace material frame indiUerence in constraining the selection of constitutive prescriptions.
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